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(Twisted) toroidal compactification of pp waves
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The maximally supersymmetric type IIBp wave is compactified on spatial circles, with and without an
auxiliary rotational twist. All spatial circles of constant radius are identified. Without the twis$! aompac-
tification can preserve 24, 20 or 16 superchargésompactifications can preserve 20, 18 or 16 supercharges;
T3 compactifications can preserve 18 or 16 supercharges and higher compactifications preserve 16 super-
charges. The world sheet theory of this background is discussedr Thal and decompactified type IIA and
M-theoretic solutions which preserve 24 supercharges are given. Some comments are made regarding the AdS
parent and the CFT description.
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[. INTRODUCTION Since the isometries derive from Ad8S® isometries, it
is possible to find the corresponding quotient of AdS
In addition to the maximally symmetric Ag&S®> and  which has a CFT dual. As discussed in Sec. VII, the quotient
Minkowski backgrounds, it has recently been realized thaturns out to be one of those previously discussed by Ghosh
there is an additional background for the type IIB stringand Mukhi[23].
which preserves 32 supercharges, namelypthevave[1]. In addition we can perform a Melvin-like twist, as was
As this background is achieved as a Penrose limit of AdS previously done in the flat space context in many papers,
>_<55 [2,3], string theory on this background has a conformalincluding [24—33. This breaks all the supersymmetries. In
field theory(CFT) dual[4]. Remarkably, this CFT is power- 5t space, the result was a tachyon in the spectrum. Under-

ful enough to see the perturbative string spectrum. Thesg,nqing this closed string tachyon is a very interesting prob-
observations have caused a flurry of.|nte|[és_t19]. lem which has been addressed in d:83-43. A closed
Moreover, thepp wave has 30 isometries—the same string tachyon is similarly expected here, the difference be-

5 . . . .
”“F“ber_ as AdSXS by virtue of the Penrose limit—of ing that there should also be a dual CFT description. This
which sixteen are spatial and noncompact. These therefore

provide a way to compactify thep wave to lower dimen- could be a good way to get some control over closed string

sions. In fact, the maximal number of commuting, noncom—tachyon condgnsaﬂon._
The paper is organized as follows. In Sec. Il the super-

pact and spatial Killing vectors is eight, the same number as ) ) . . .
for toroidal compactification of ordinary Minkowski space to SYMmetric type |IBpp wave is reviewed with an emphasis
the light cone. on the _symmetrlgs, their algebra and _the introduction of a
The study of toroidal compactifications has provided aconvenient coordinate system for use in most of the paper.
very rich structure of phenomena and dualities. In this papef Nese results are used in Sec. lll to identify spacelike Killing
such a study is initiated fopp waves. The first step, given Vectors and study the supersymmetries preserved by compac-
after a review of thepp-wave geometry in Sec. II, is to tification along their orbits. The Green-Schwarz string is
identify spacelike isometries on which to compactify. This isquantized on these geometries in Sec. IV. Thé&&ymme-
done in Sec. lll. try of the metric means that the quantization of the bosonic
An analysis of Killing spinors, in Sec. lll, shows that part of the string is independent of the choice of spacelike
compactification preserves at least half the supersymmetrieKjlling vector. For the fermionic part of the string, we ana-
up to 3/4, or 24 supercharges. While surprising, this caryze the maximally supersymmetric compactification in Sec.
occur because of the reduced rotational symmetry of the sy$V B 1 and the minimally(half) supersymmetri&! compac-
tem, due to the nontrivial curvatures. [20] an analysis of tification in Sec. IV B 2. In the latter case, the Hamiltonian is
the central charge matrix gave rise to the possibility of 3/4time dependent. The effect on the compactification of adding
Bogomol'nyl-Prasad-SommerfieldPS states; it would be a twist is analyzed in Sec. V. Théhduality and supersym-
interesting if the geometry studied here is employing thismetry is discussed in Sec. VI. Finally the Ag8S® parent
mechanism. orbifold, and the choices therein, is described in Sec. VII.
In Sec. VI, theT-dual solution is given and lifted to M Section VIII contains some conclusions. Two Appendices
theory. It is then shown that the M-theory solution also pre-contain some additional useful formulas. Although most of
serves 24 supercharges. This is because the Killing spinotke text is devoted to compactification on a single circle, in
on the type IIB side do not involve the compact coordinate many cases, the results generalize to higher tori in an obvi-
Otherwise there would be “supersymmetry without super-ous way. One exception is a compactification oFfanvolv-
symmetry”[21,22. ing the same two coordinatém the “standard” coordinate
system of[ 1]). Appendix A presents éingulay coordinate
system adapted to this compactification. In Appendix B some
*Electronic address: jeremy@physics.rutgers.edu additional expressions for the Killing spinors are given.
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Il. THE pp WAVE

In this section some useful facts about thp-wave ge-
ometry, its isometries and its Killing spinors are collected.
The supergravity solution igl]

ds?=2dx"dx” —4u’x'x'(dx")?+dxdx, (2.1a

OF = wdxt (dxtdx?dx3dx*+ dx®dxCdx’d x8),
(2.1b

wherei=1 ... 8, theconstantu+0 will be kept arbitrary

although it can be set to any convenient value by a coordi-

nate transformation, and®F is the self dual Ramond-
Ramond(RR) five-form field strength. All other fields van-

ish. These satisfy the type IIB equations of motion, including

4 aByd
G#,,=§F,ua3y5|:y re, (2.2

Greek indices run over all the coordinates.
It will be convenient to make the change of coordinates,

xt=X*, x =X"-—2uX?x? x'=Xx'| 1=3...8
(2.33

xt=X'cog2uXt)—X?sin(2uX™),
x2=X1sin(2uX')+X%cog2uX"), (2.3b

Then the metric takes the form
ds?=2dX dX —4u?X'X'(dX")2—8uX2dXdX*
+dXxdX, (2.4a
OF = wd X" (dX*dX?d X3d X*+ dX>d Xd X"d X8). .4

In this coordinate systend, = d/ 9X* is a manifest isometry.
This is one of the circles on which we will consider compac-
tification. In this coordinate systenx!, X? are no longer

massive bosons but instead have the quantum mechanics of a

particle in a plane with constant magnetic field.

A. Isometries and Killing vectors

There is an obvious SO(K)SO(4)XZ, symmetry which
rotates and exchanges the!,x2,x3,x*} and {x®,x® x",x8}
subspaces. In fact, 30 Killing vectors were identified it
namely,

Ke,=—ds, ke =—d_, (2.53
ke =—C0OS2ux")di =2 sin(2ux")x'd_,
(2.5b
kex = —2usin(2ux™)d;+4u’cog2uxt)xa_
(2.50
kMij:x‘&j—xjai ,bothi,j=1...4 orbothi,j=5...8.
(2.50
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These obey the algebra

[ke_,alll=0, [ke, ,M;]=0, (2.6a
[ke, Kel=Ker, [ke, Kex]=—4uke,
[keirkej*]:‘]'/uzéijkeg (2.6b
[kMijakek]:5jkkei_5ikkeja
[kMijvke’;]:5jkkei*_5ikkej*a (2.60

[kMij ’kMkl] = 5jkkMi| — 5ikij| —9j) kMik+ Sil ijk'
(2.60

In particular,M;; are the SO(4X SO(4) rotational genera-
tors.

B. Killing spinors and the superalgebra

Before listing the Killing spinors, some notation must be
introduced. The ten dimensionBl matrices obey

-1 . .
[*=-=(r%19),

2

where 77’1;’ is the mostly positive Minkowski metric of the
tangent bundleI’*1-#p are products of thd" matrices,
antisymmetrized with unit weight. The zenbeinig

(T4 T =279, 2.7

e~ =dx —2u%(x)2dx*, e =dx*, e

dx.

(2.9

| have used the cup to emphasize the tangent-space labels;
this is important as the following formulas employ this
choice of local frame. It is convenient to define

|=Tir2réré,  g=rsrérirs, (2.9
In terms of the one-fornf), = (i/24)F , 5,5 “#7°,
Q =0, O, =u(l+J),
WU, =14,
0= T (2.10
_uTT13, i=5...8,

to each constant, complex positive chirality spinpilis as-
sociated the Killing spinof1]

e(¢)=[1—ix'Q;][cog ux)1—i sin(ux)I]

X[cog uxt)1—i sin(ux™)J] . (2.11
These obey the Killing spinor equation
i
Vut 57F uapysl 7| () =0. (212
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Since there are 32 linearly independe@rst, there are 32 lin- We will use this set of isometries to compactify thp-wave
early independent positive chirality Killing spinors, corre- geometry.[For fixed i, ||ksﬁ||2=1isin 4ux” goes null at
sponding to\/=2B supersymmetry in ten dimensions. x*=(2nF1)m/8u.] Note that, in contrast to toroidal com-
These are acted on nontrivially by the Killing vectors. haciification of flat space, the isometrigs2) are not hyper-
Specifically, the Lie derivative on spinors is defined(sge g 1face orthogonal.
[44] and references thergin Although there are many of these isometries, the SO(4)
1 X SO(4)X Z, symmetry implies that we can, without loss of
£e=k"V, e+ (V,k )['#e. (2.13  generality, choose the +" sign and i=1; then there are
4 Y only two distinct choices of, namelyj=2 or j=5. Al-
Then[1,5] though the metric behavior is the same for both choices, the
’ RR field is quite different.
£r, () =0, £, e()=e(iu(1+3) ), For the first choicej =2, the |sometr3ksf2 is manifest in
- N Egs.(2.49, (2.4b. Also,

1
Eu, 6( 1,//)—6( 'Jw) (2.14a
pe =—ke, +2uky, (3.9
£ ()= e(—iplT'T*
Keiaa ()= e(=ln ¥) is a Killing vector of the geometry. FGr=5 the RR field is
.. more complicated in manifest coordinates:
£ e()=eu’T'T"y) (2.14b
d2=2d X dX — 42X X (dXH)2— 8uXSd X dX"
By, D= e(=ipdITT) +dXidX, (3.5
Ee,  e(h)=e(2u®'Ty). (2.149 OF = pdX* [cod 2uX ™ )d X dX2d X3d X4
i=5...8
. . . —sin(2uX*)dX3dX2dX3d x*
This information will be used to count the number of super-
symmetries preserved by compactification. +sin(2uX*)dX*dXed X d X8
+cog2uXT)dX3dX8d X dX?], (3.5

ll. S* AND TY COMPACTIFICATION OF THE pp WAVE

In [1], the authors considered compactification along thevherei=2,3,4,6,7,8. In particular note that
circle generated by thenanifest in Eqs(2.13, (2.1b)] isom-
etry ke +ke+.1 However, that is not spacelike: 9
B =—+2u
. +
[k +ke, [2=2—4u?(x)2. (3. XX

J d
X ——x5—1) (3.6)
x> oX

is not an isometry of the field configuration. For this choice
of circle compactification, then, the light-cone Hamiltonian
will be time dependent.

Focusing on theS;, compactification, the nine dimen-
nal field configuration is easily read ¢#6] as

Though compactification of timelike circles has been consid-
ered in[45], for example, such a circle is likely to introduce
complications that | do not want to consider héreso, the
isometry(3.1) breaks all the supersymmetries, except at spe-
cial values of the radius. Instead, there are several |sometr|§el.°
that, while not yet manifest, are spacelike of unit norm.

Namely, define dg=2dX" X~ —4u?[4(X?)2+XIX](dXH)2+ dX'd X,
(3.79
1
kgi=ke 5, ke (3.2 Ag= —4uX2dX*, (3.7
and note that ClAg= — uXTdX2dX3dX*, (3.70
N2 N ) . .
Hksi]” =1i#]. (33 \Wwherei=2...8,Aq is the KK gauge field and®A, is the

dimensionally reduced potential for the ten dimensional self
dual five-form field strength.

This was also one of the two isometries that was compactified in
[10], in the context of the Penrose limit of Ag8S*X T4, The

other isometry considered [10] is one associated with tHE*. 3Including the Zze SQ(4) elementx',x'——x',—x (with i,]
“After much of this paper was writteii16] appeared which dis- =1...4 ori,j=5...8)which takesSj——S;, Si— —S; and
cusses this type of compactification with interesting results. Sk —>Sk], k#i,j.
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All of the Sﬁ compactificationpreserveat least 1/2 of the would generically break all the supersymmetrigough we
supersymmetry, or 16 superchargesi,|f are in the same will consider the latter in Sec. M This leaves one interesting
S(O(4) subgroup, then 3/4, or 24 supercharges, is preservegossibility:

This is seen from Eqg2.143—(2.1409, since

B, + (ke €)= (i Q1 ), (3.8 aks;+Bksy, @+ BP=1, (3.1
! i

where )
has unit norm and preserves 20 supercharges, namely those

4 preserved by the projectioR*?P>C,
E 6ijklr“ki_m) F;, ij=1...4, Finally, note that if we compactify simultaneously on the
= circles generated by boﬂk13+ and kS , then we break half
8
P

the supersymmetry; namely the half not anmhﬂated[ﬁy
This is also true for compactification with respect to blo§h
. and k5+ For simultaneous compactification on, slay; and
re, k5+ kaﬁj again half the supersymmetry is broken. Although
ks__ preserves the same supersymmetrieksas the two do
ji ij

not commute, and so the compactification on both does not
correspond to &2 compactification. More specifically, in the
coordinates2.33, (2.3b), if ST is compactified on a circle of
radiusR; and S;; is compactified on a circle of radiug,,
then we must also identify the null coordina¥e ~ X~
+8muRR,.

Thus, we can compactify on at most three circles before
e have, at most, sixteen supercharges. The coordinate trans-

Eijklrki_m)l—‘;, i,j=5...8,

1 cev o
6 Z eik|ml_'k|mrj+i]
,hL,m

r+

For the periodic spin structure, the supersymmetries prey,

served by the compactification are those whose Killingg,yati0n which manifests the circles is an obvious generali-
spinors are preserved by the isometry. That is, we want t?ation of Eqs.(2.33, (2.3, and in this coordinate system
count the number of complex, constant, positive chlralltyWe have obvious g,enerali,zations of E®.43, (2.4, and
spinors annihilated byQ. [In principle, we should require (3.5, (3.5). T

27iRE — . ; ij i ;
or}Iy. N ke(4h) _.e(w)’ howgver, sinceQ" is mlpotept, The compactification also breaks some bosonic symmetry.
this is the same thing. In particular, there are no special radlll_.or compactification 08}, the SO(4)< SO(4) is broken to
of enhanced supersymmeirClearly, these include the 16 SO(2)x SO(4), and for theompactification orS s, the re-

SpInors anmr;]llatled byl I For 'f’J n d|ffehrent Sq4.) sidual rotational symmetry is SO(Z)SO(3). Also, though
subgroups—the last two lines of E¢3.9—the matrix in ke, kex are no longer isometries after compactification
parenthesis is nondegenerate, so there are no other supersyr:’

" . o
metries. Wheri, j are in the sam&0(4) grouping, then the ©N the orbit ofSj . the linear combinationge —2uky,,
matrix in parenthesis annihilates an additional 8 spinors. Irand kg +(1/2,u)k « are still isometries. Thus, the residual

this latter case, lsometry group is 23[gX(SO(3)xSO(3)] or 24-
dimensional [gX (SO(2)xS0(4))] where g is the 17-
PP, — ZqQitqQip dimensional group generated by the noncompact Killing vec-
't g o torske , ke+—2,uk,v,12, SjT . €cxj» €k, - FOr each additional

compactified direction, the rotational group decreases further

(to what depends on the details of the compactification; see

Table ), but only removes one additional generator frgm

is the projection operator onto these 24 spinors, wiirerés  This is summarized in Table I.

the projection onto positive chirality spinors.

More generally, we can consider other linear combina-
tions of Killing vectors. However, from the previous analysis IV. THE GREEN-SCHWARZ STRING ON THE
it is easy to see that generic linear comb|nat|onskéi)fand COMPACTIFIED pp WAVE

kex will break all the supersymmetries. Although the addi- i . o )

i i f ltivle ofk. t ket d t affect th In this section the Green-Schwarz string is quantized on
ion ot any m.u 'pi€ Oke_ 10, say: s, 00€S -no afrec .e the compactifiegpp wave. The focus is on the compactifica-
norm—that is, ks; +ake  provides a nice spacelike tion along the orbit ofks;; that is, X'~X"+27R for the

isometry—such an addition can be removed via a coordinatgo|ution(2 43, (2.4b). Section IV B 2 will briefly discuss the
transformation generated by ; thus there is no need to si. compactification. The bosons, of course, are impervious
consider this linear comb|nat|on. Includink,, or kMij to the difference betwee8;, and Sjs.

[no sumj,jin the same S@) grouping (3.10
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TABLE I. A summary of(many of the independent ways in which one can compactify on commuting isometries, and the corresponding
unbroken rotational symmetries and the number of unbroken supercharges. Not all compactifications preserving 16 supercharges are listed.
The isometries are labeled as in E§.2). Only the continuous part of the rotational symmetries is listed.

Dimensions compactified Isometries Continuous rotations  Number of other bosonic generators  Preserved supercharges
5 SO(2)x S0O(4) 24
1 aS,+ BSss SO(2)xS0(2) 17 20
S5 SO(3)xS0O(3) 16
S5.Si, SQ4) 20
S, S SO(2)xS0O(2) 20
aS),+ BSis, Sia SQ2) 18
S1»,Sis SQB3) 16
S, Sae SO(2)XS0O(2) 16
SL.S5 SO(2)xSO(4) 16
2 SHS SO(2)x SO(4) 16 16
SIS SO4) 16
S5.Shs SQO(2)x SO() 16
S, S8 SO(3)xS0(3) 16
S5.Sis SO(3)xS0O(3) 16
S s02) 18
S12:S35.Ss6 Sle) 16
Si2.S35.Se7 — 16
Si5:S26.S37 — 16
Si2.Si3. S5 Sa2) 16
SIS HA SQ3) 16
S12:S52:Ss6 SQAR) 16
3 S1»,542,Sis SQB3) 15 16
Si2.S3,.Ss4 Slel) 16
S12:S12:S34 SQ4) 16
SISl SO(2)xS0O(2) 16
S12:512:S3s5 SQE) 16
S12:S35.S35 Slek) 16
SL‘SL,S& SQ4) 16
SHRSHS A SO(2)xS0(2) 16
Si>Sh1.Sis S0 16
S12:S35.S53 Slek) 16
d=4 many choices various & 16
A. Bosonic oscillations X~ = 4,uX2X1’ _Xixir, 4.2

The world sheet coordinates areo and the Lorentzian

world sheet metric isy,y. Light-cone gauge is givérby e see that, as usugl, = 8S/6X " = y,,/2ma’, along with
setting X" =7, dety=-1, d,7,,=0 and y,,=0. The  the equatiofwhich also gets a fermionic contribution in Eq.

bosonic action in light-cone gauge is then (4.19]
Sg=— JdZU — Yoo 2X™ = 4u?(X")2—8uX?X? o - 1. 1 i
B 477“, { Y [ M ( M X :4MX2xl+2/.L2X|XI_E(XI)Z_W(XI )2.
D2+ y,a (X113, (4. “3

where overdots and primes denote differentiation with re- The equation of motion fok' is the same massive equa-
spect tor and o, respectively. This is supplemented with the tion as for the uncompactifiedp wave [5,6]. For X=X1
constraint equation, of which the bosonic pte also Eq. +iX?,

(4.17] is
X—c?X"=—4puiX, (4.49
4Light-cone gauge is allowed sinde" obeys a harmonic equation - .
of motion before gauge fixing. X—c?X"=4puiX, (4.4b
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andX~X+27R, wherec=(a’'p_)"*. Thus the mode ex-
pansion is

X=Xoe 2#7cos 2ur+ e 2#7sin 2ur+WRo

2up_
i e*Z}LiT
+ E [a e—in(vc2+4;42/nzr+<r)
n
p_Va' n#0 , MZ
n c°+4—
n2
+Zl/ e—in(VC2+4M2/n27—0')] (4 53
n ) .

- Po ‘
X=Xoe?"cos 2ur+ 5 e?#7sin 2ur+WRo

mp-
; 2uiT
+ : E € ;e—in(vc2+4ﬂz/n27+a)
n
piyla’ n#0 , MZ
n c°+4—
r.|2
+Z efin(ch+4,u2/n277(r) (4 5b)
n ) .

|
o .
sin2ur

X'=Xycos ur+ 5

1
[a| e—in(\/02+4,u2/r127+0)
n

i
+ >
p_\/;nsﬁo , MZ
n\/ c°+4—
n2

+'&Le—in(\/c2+4yz/n2fr—a)]_ (4.50

Note thata,, a,,... is a positive(negative frequency
mode forn positive (negative (and large. The mode expan-

PHYSICAL REVIEW D66, 066002 (2002

In terms of oscillators, the bosonic part of the Hamil-
tonian is (ignoring the zero-point energy, which supersym-
metry cancels against the fermionic zero-point engrgy

— 1\2
o PoPo . (Po)
He=2u2p_XoXo+2u?p-(Xp)*+ 2. 2p.
WR2 — — ~ =
+ WR) +CE (a_papta_pa,t+a_ an
2a'?p_ 10

+a_pant+2a ah+2a" o)) —iu(Xopo—XoPo)

2,lL —_ — ~ =
+C2 —————(a_hap—a_payta_pa,
n>0 n\/c24r4,u2/nz

—a_pa). 4.9
Note that this is not the same Hamiltonian a$5¢6]; in this
coordinate system that is natural for compactification, the
Hamiltonian includes the angular momentum generator in
the 12-plane—see E¢3.4).

B. Fermionic oscillations
The type 1IB Green-Schwarz string is written in terms of
a pair of positive chirality Majorana-Weyl space-time spinors
0", A=1,2. Along with the indexA come the matrices
Po=i02, P1=Ul1 P3=<737 (4.9

where thes' are the Pauli matrices. The starting point is the
observation that with sufficient symmetry and the light-cone
gauge fixing

retr=o, (4.10

one can immediately write the covariantized acti6%7,49

sion for X,X is reminiscent of the mode expansion for the
massive scalar, but is rotated by an extra time dependent S :_if A2 = 5i(y20s
phase factoe?”. The canonical commutation relations are F 2m AX

+ZWeabpgAz)&aX”@_)AFM(Db(B)E, (4.11

[Xo.Pol=1=[Xo,Po] [Xo.P31=id",  (4.6a

/ 2
J— ILL ~ =
[an,am]=2n 1+4@b‘n’,m=[an,am],

where, in the Majorana representation' = ()%, and
the covariant derivative on spinors is

1 o
(4.6b Da=0dy+ ZﬁaX”wM;;F”T
| J ’uz 1J ~ _ 1 (5)F F/LV)\O’T& XPT 4.1
[anlam]:n 1+4@5 §n’_m=[an,am], 2% 51 MVNOT a pPOl ( . 2)
(4.60 _ . . .
where w,,;; is the spacetime spin connection and | have
and all others vanish. Finallv. note that included the effect of a background five-form field strength,
: Y but no other background field&See e.g[6] for a more com-
e e o ol plete expressionThe world sheet metric is that of Sec. IV A
Xo=Xo, Po=Po, Po =Po. Xo' =X, (4738  ande?is a true tensor withe,, = — y=1.
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1. Compactification on $,

PHYSICAL REVIEW D 66, 066002 (2002

¢ i
The natural coordinate system for compactification along®'= \/ Eeﬂr "(cos 2ur) 05

ks is that of Eq.(2.4), for which the zenbein is
12
e~ =dX™ —2u2(X")2dX* — 4uX2d X,

et =dx*, e'=dx, (4.13

and the nonzero components of the spin connection are

S 2y o _ e s
0 37=—4p X, @113 2u= — Wi iT W ;.

(4.19

In particular, note that, for this geometry, four-and-higher-

Fermi Riemann curvature terms do not appear in EdLl),
due to the gauge fixin@4.10.

Thus for the backgroun(?.43, (2.4b), the fermionic ac-
tion is

Sg=ia'p- f d20{O T~ (8350, +Cparsd,) O

—2uOM TIpoas O — w®AT204]. (419
This leads to the equations of motion
(0,4ca,— uT12)O1—24102=0,  (4.163
(0,—cd,— uT12)@2+2u101=0.
(4.16H

Also the constraint equatiof#.2) should be replaced with
X~ =4uXXY — XX —ia' O 9,00, (4.17)

and Eq.(4.3) gets a fermionic contribution so that it reads

. . 1 .. )
- — 2 1+ 2yl T i2__ ir\2
X=X+ 2 7XIX! = 5 (X)) 2p3a’2(x )
—ia'®M T 3.0Mria @M T 20N
+2ia’ O "1 pg,s OF. (4.18

The general solution to the equations of motidril6), sub-
ject to the periodicity condition

OMo+2m,7)=00,1), (4.19

C iz 5
+ Z—e“ "(sin2u )l 65
aa

Vis G
+ —_
] (<¢T>)
1+
2

M

f ’ 2
e—in(ch+4p,2/n27—(r) 01+ I_n C2+ 4i_c
" 2u n?

X

Xe*in(\/C2+4p.2/n2T+0')| 02 (4 203
njf: '
2 ¢ Fiér 2
O°=\/——e* 7(cos2urt)b;
2@
c s
— \/ —e**7(sin 2u 7)1 6}
2
c enr s
+\/—> -
20 \/ n(ve?+4u?n?—c)
1+
2u
i 4p?
x| e-in(Ve?+au’n?ria)g2_ 24— _¢
" 2u n2
« e~ IN(VeZ+4p2n?7- )| 9}1] , (4.20b

whereaﬁ are positive chirality Majorana-Weyl spinor opera-
tors for whichI' " 63 =0. Comparing td5,6], we see that the
fermions are rotated like the bosons, but in the spin repre-
sentation, of course. Half of theﬁsv(vor four for eachA)

havel'*2=i and the other half havE'?= —i. Note that the
periodicity condition(4.19 is unaffected by compactification
in the X* direction, again due in part to the gauge fixing
(4.10; thus Eqs(4.203, (4.20b hold in winding sectors, as
well.

Reality of ®" implies

oo =98 (4.21)

as usual, where here; is a spinor index; in particular, the
zero modes are self-conjugate. The canonical commutation
relations are

1

V2

. (F:rl":)aﬁ
{0nA ’ gﬁz}= 5n,—mTﬁAEv (4-22)
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onto the subspace annihilated by .
The fermionic contribution to the Hamiltonian {ggain

ignoring the zero-point energy \/\
uris Tsmz,m-)le
He=iwOr 1268+ 4620 1292 °

e,lLFiéT
nF ( 2_

\/ n(\/c2+4,u2/n2—c))2
1+

where thel” matrices enforce light-cone gauge by projecting
2—e“F "(cos 2ur) 03

+a4ui 630" |0022

. 2
+ipli2] gl g2 T° ( \/c?+ rlz) 62|, #
2
4.23 e—in(vc2+4#2/n27+o)0§_ o = / 2+ 4__0)
2p n?
Again, this is recognizable as the Hamiltonian[6f6] plus
fermionic angular momentum in the 12-plane. in(Ve2t a2y o) gt (4.260

2. Compactification on g, So, not surprisingly, we again obtain the rotated uncompac-

For compactification along the circle generated@}g the tified result.

zenbein is V. TWISTED COMPACTIFICATION
e =dX —22(X")2dX" — 4uX5dX, In this section the compactification is done along the
isometry
et=dx*, e'=dX, (4.24) q

_ks+ + _kM34' (51)

and more importantly, the field streng{B.5b has gained In flat space, this compactification leads to the Melvin
someX ' -dependence. As a result, the acti@nll) is now universe—see e.424—31.° | have chosen to rotate in the
34-plane as the circle is traversed, but little will change in

., g A 5 the following [though the rotational symmetry of the result-
Se=ia p_f d°o[O@" " (Srxd,;+Cp3przds) O ing space would be SO(X)SO(2) instead of S@)] if the
. rotation is, say, in the 56-plane instead. Note that—untgss
_2#6Ar:|e72,url"15poA2®2_ﬂgAF:iE:)@A]_ is an even integer, at which point the theory is equivalent to

compactification along<sl+2—all the supersymmetry is bro-

(4.25 ken by this compactification.
With
The action is now time dependent. Despite this difference,

. . . . K . . —y3iy4
the classical solutlon.to the equations of motion |§ St'”gvenidentification on the o%bit;( 041: Iéc(S.l) is equivalent 'Eg'tzge
by the mode expansio®.203, (4.200 after replacingl’ identification
with T'*°. Note that unlike there, the ordering of thema- _ _ o
trices is important here sinde'® anticommutes with. Ex- {X12,2,0~{X"+27R,e*"9Z,e"*™Z,e™ 0"},
plicitly, The action is the same as E@4.1) and(4.15), but foIIO\(/gi'r%

the identification(5.3), the boundary conditions are replaced
c i 15 ¢ by
0= \/—e*" ""(cos 05— er T\ —(sin2u 7)1 63 .
2m ( 2u) 0o 277( #7)10o Z(o+2m,7)=e>"MZ (g, 1),

15
N [c > erl OMo+2m,1)=e™ @A (4 1) (5.9
270 n(\c?+4u?/n?—c) 2 where w is the winding number in the mode expansion
1+ 2 (4.59—(4.50. The effect of the twist is therefore to shift the

moding ofZ and®, whenw+ 0. (If gis rational, the moding
4,2 of Z is not shifted wheneveqwe 7Z and ® modes are not
= L—c) shifted whenqwe 27.) With the notation
2
n

SCompared to much of the literatur@yere= (4R rere- IN particu-
(4.26a lar, gpere is dimensionless.

efin(\/02+4,u2/n27-7¢r) (91+ I_n
n
2

< e—in(VC2+4p,2/n27'+(r)| 62
nil:»
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x=x—|x|=the fractional part ok, (5.5 _ [ 1 _
= Z Bn-*—aTN
p7@ n#0 qu
— aw 2 —_—
then forqw# 0, the mode expansioi@.5¢ is replaced by (n+qw) ¢ +4(n+c'1\7v)2
i 1 i+ aw (Ve + (42 (n+ qw)? 7+ )
Z= E Bn7(’13v Xe Ll
p_Va’ #70 ] n?
(n—qw) \/ ¢’ +4———
(n_qW)Z 1 =
+ Bn—qw
% g~ 1(n-aW (Ve + [4u?(n-qu)?| 7+ o) _ u?
(n—qw) \/ c®+4———
L (n—qw)?

+

) Bn-%—a?/v
— / M
n+qw CZ+4— ; o \/—"
( q ) (n+aVv)2 Xe—l(n—qw)( c2+[4,u2/(n—qw)2]r—o) (5.6[3)

x @~ i(+aw) (Ve?+ [44%/ (n+qu)*] 7 0)

(5.68
and ifqw/2+ 0 the expansiof4.203, (4.201 is replaced by
C [
Olo,7)= \/ —E e"rlzf
2mn#0
1 P Y
X e—l(n—|(qW/2)F34)[ Cz+[4,u2/(n—l(qW/2)F34)2]7'—0']
— o 2
\/ \/(n—i(qW/Z)F34)202+4,u2—c
1+
| 2u

SR 4p?
(n+i(qw/2)F34)( \/c2+ — — —c)
i (n+i(qw/2)I'3%)2

2

1

n—i@qwarat 2u — =
\/ (\/(n+i(qwl2)I‘34)2c2+4,u2—c
1+
2u

X6

7i(n+i(ﬁTN/Z)I‘éZ‘)[\/chr[4;/.2/(n+i(a\vv/2)l"éz‘)2]r+o] 2
e I n+i(qw/2)r34 | (5.60
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02(0,7) WEO e
n#
% 1 e—i(n+i(@v/2)réz‘)[ \/c2+[4ﬂ2/(n+i(av/2)réz‘)2] +o]
— = 2
\/(n +i(qw/2)T3%2c2+4u%—c
1+
| 2u

SRR 4u?
(n—i(qw/2)I"3%) c’+ — ——¢C
5 i (n—i(qw/2)I'34)2

X0, ~ o —
n+i@@w2)r34 o — — 2
K \/ ( \/(n—i(qw/2)1“34)2c2+4,u2—c)
1+

2u
i(n— |(qw/2)r34)[ \/c2+[4 2/(n— |(qw/2)r34)2]f )
xXe~ r 1 |(qw/2)F34 : (5.60
|

Although the labels would make more sense iftamplex GIc=4uX T dX dX2d X+ 8uX T dX2dX3d X*.
basis of eigenspinors @f**, the expression is unambiguous. (6.2b
The Hermiticity properties and commutation relations are es-
sentially the same as in Sec. IV B 1. This solution preserves 24 supercharges. The M-theory Kill-

ing spinor equation i§44]
VI. T DUALITY

1

Performing aT duality of the nine dimensional geometry 0=D,e=V, e~ 2_88 Fon L7, +4F‘m5”]
3.7 along the X! direction leads to the type IIA 6.3
configuratiofi '
ds2, =2dX*dX~ — 42 4(X2)2+(X)2](dX )2+ (dx)2,  The integrability condition[D, ,D,]e=0 givesI ¥ (3411

(6.13 —1)e=0. Since Eq.6.3 is a first-order differential equa-
tion, this means that there are precisely 24 Killing spinors,
B=—4uX?dX*dX", (6.1  hamely

A=8uX+dX2dX3dX?, (6.10 &
1+ X'Q;
2,2 |

()= ex;{—%x+(3—rvrl)r2(2réz‘

whereB is the Neveu-SchwardNS-N9S two-form and ®)A

is the RR three-form potential. It is straightforward to check ",

that these obey the type IIA equations of motion. +Flll)} ¥, (6.4
This can be further lifted to M theory, giving the field

configuration ) ) T -

with ¢ a constant spinor obeyind 3***—1)I"* =0, and

dsy=2dX"dX™ —4u2[4(X?)%+ (X 2] (dXT)2+ (dX)?

+(dXY2, (6.23 0,= §Mrl(2r5’2‘—r1ﬁ), (6.53

N

5The normalizations are that of49], except that, ©)F .

~ 1 v s oo
Q = — — I‘+2I 4F34+F111
—%(S)F[49]. 1=34 3M ( )
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- 1 oy s 0, 0
Dis  gmgult2@r¥-ri), (6.50) w=sinhzsinz, (7.3

The continued presence of the 24 Killing spinors afier

duality may not seem surprising, but it occurs only becausghen the quotient is by/d5+ d/da. This group action is
the type 1IB Killing spinors do not carry momentum—or free, and preserves half the supersymmetries. In Sec. Il it
equivalently, are independent f, as is shown in Appendix was shown that after taking the Penrose limit, it preserves
B. Otherwise, some of the spinors would have winding andi/4 of the supersymmetries. It is already known that en-
would not be visible in theT-dualized supergravity, as in hancement of supersymmetry often occurs upon taking the
[22] (see also the receritl6]). Observe also that these penrose limi{8,9,13,15,17,1B Here we have the novel phe-
M-theory Killing spinors are similarly independent of both nomenon that the supersymmetry is enhanced not to the full

Xt and X%, 32 supercharges but to 24.
The more complicatekisl+5 mixes the AdS with the sphere
VII. THE AdS X S® ORIGIN OF THE CIRCLE via P;+Mgs. The Melvin twist adds sombl 5, (or Mg).

The pp wave arises from the Penrose limit of AgSS®
[2—4]. This is a powerful observation, as has been made
clear by the CFT description ¢#]. In [3] it was explained VIl CONCLUSIONS

that the Penrose limit preserves the isometries of the original The most general set of spacelike isometries on which one
spacetime(though not the algebja Since we have not can compactify thep wave has been identified. In contrast
gained any isometries by taking the Penrose limit, the isomgyith Minkowski space, there are a large number of choices
etry on which we are compactifying must correspond tofor compactification on supersymmetric circles and tori, even
some isometry of Ad$< S°; that is, our compactified space- hefore considering the shape of the torus. Some of these are
time is the Penrose limit of a quotient of AdSS°. That  given in Table I. Even more remarkably, one finds compac-
quotient will be identified here. tifications to nine dimensions which preserve 20 or 24 super-

AdS;xXS* has isometry group SO(4,2)SO(6), with  charges, and compactifications to eight dimensions which
generatorsM ,, and P, whereM ,, are rotations an®®,  preserve 18 or 20 supercharges. Whether these peculiar
are “translations” which commute to rotation@or unity of  amounts of supersymmetry arise in a way related to the 3/4
the presentation, either botp,v=0...4 or both u,»  BPS states of20] bears investigatingT duality gives type

=5...9) In terms of embedding coordinate€”, where  ||A and 11-dimensional supergravity solutions that also pre-
punYMYN=+1 the isometries are rotational: witkl serve precisely 24 supercharges.

=YMgy—YNgy for M,N=~1...4 orM,N=5...10,P, It should be noted that it is easy to see a very similar story
is thenM_, , or Myq,,. In [3,12], it was shown that under for the maximally supersymmetric M-theory wayé4]. In
the Penrose limit, particular, using the notation di#4], compactification on
circles generated byel+(3/,u)ke§ and ke4+(6/,u)ke§ will
P_e Moi, 1=1... 4—>2Me'* 7. preserve 24 supercharges.
T [ Mg, i=5...8 b ' Understanding the CFT dual to the compactifications de-

scribed here would be very interesting. In Sec. VII, it was
Therefore, our quotient by thes; isometry corresponds to a Seen that thepp wave compactification arises from a free,
. : e . and fairly simple,Z orbifold of AdS;, of a type discussed in
quotient by the linear combinatioR;+ Mg,. Alternatively, . . .
we could map it to a discrete quotient of the spherePgy ([jze?é]e '1?/";_@{5 R;Zebzg]plﬁg;zsﬁgztgg (:LZIOA?] Cgrlgli?o? de gfwte
+Mygg. Interestingly, Behrndt and lst have shown that PUVE; ’

(AdS. /7,) X S° orbifolds are U-dual to AdS< (S%/7y) or- AdS by a discrete group is typically dual to a CFT on a

bifolds [50]. We see that this obviously holds f@rorbifolds 222;'at‘(‘ffrorftfosggrclsia;orugi‘f reason, 1t Tjaeﬁar%akﬁ]emore
as well, at least after taking the Penrose limit. It would be Y ' 9 q '

interesting to understand if this is true before taking the Pen(_aquwalent q§scr|pt|pn of thpp wave compactlflga'uon via
o an S/7. (Finite orbifolds have recently been discussed in
rose limit, as well this context in[13,15,17,18)
On the AdS side, thi€ quotient is one of those discussed T

o X i This problem is unlikely to improve for the orbifolding
by GPOSh and Mukh[23]. Speclflgally, introducing “light that includes the Melvin twist. However the rewards of such
cone” coordinates in the embedding space,

an investigation could include a definitive resolution of the
fate of the Melvin tachyon(An interesting analysis of a
stable twisted compactification of A¢SS* was given in
. . [54].)
and the corresponding Ag€oordinates Finally we saw that simultaneous compactificationSjh
) P and S,; results in a noncompact, nonabelian orbifold that
+ 1+ +_ V1 2+ reserves 24 supercharges, and includes a null identification.
=coshe*?, z,=sinh_- « b ; { » and Include
fmcoshyer, g =sinhscosy e It would be interesting to study this orbifold.

z7=Y%Y?, zy=YlxvY"l w=Y3+iv4 (7.2
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APPENDIX A: MORE MANIFEST ISOMETRIES Note that() , has the same fori{2.10 in this coordinate and

In the text compactification was considered only alongframe. ltwas already noted in Sec. Ill, via Kg.13, that the
ks+, but it was noted that it is possible to consider fife  Killing vector ks: = —d/ X" preserves 24 supersymmetries.
ij

compactification alongs:, say. This is made manifest via In this coordinate system the Lie derivatiV2.13 with re-
the coordinate transformation spect tOksfz IS just

xT=y*, x" =y +2uylysinduy’), x'=y,

(Ala)

9 P .
xt=—(y'+y?)cog2uy"), £ksl+26( P)=- ﬁf( P)=e(ul 3T =il "),
x?=—(yt=y?)sin(2uy ™). (Alb) (B2)

The field configuration in these coordinates is .. 5
B which (again vanishes precisely forlG*—il)I'* =0, so
ds’=2dy"dy” —4u?y'y!(dy")2+(dyh)?+(dy?)? the 24 Killing spinors are independent of thé coordinate.
+2 cos4uy dytdy?+dy'dy, (A2a) o 1R§(?;Jced to nine dimensions, the Killing spinor equation
1
OF= gd cog4uy)dytdy?dy3dy*
541647 H\/8 i 1
+pdy dy°dy’dy’dy®. (A2b) Dye=| Vot 7 PF 74 ZOF 0 T8

Note that the metric—and the coordinate transformation—is

singular aty " =nw/4u. Of course, these are just coordinate 1

singularities. The analysis of Sec. lll shows that this com- - ﬂ(‘l)FaﬁyﬁFaﬂY(s,u e=0. (B3)
pactification preserves 16 supercharges.

APPENDIX B: KILLING SPINORS IN THE X"

The integrability condition[D, ,D,]e=0 implies 34
COORDINATE SYSTEM ey y [D.,Ds]e p r

—il)I'*e=0 which is another way of demonstrating that

In the coordinate systeri®.33, (2.3b and using the zen- there are twenty-four supercharges in nine dimensions. The
bein (4.13), the Killing spinors are other components of the integrability condition vanish.
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