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„Twisted… toroidal compactification of pp waves

Jeremy Michelson*
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The maximally supersymmetric type IIBpp wave is compactified on spatial circles, with and without an
auxiliary rotational twist. All spatial circles of constant radius are identified. Without the twist, anS1 compac-
tification can preserve 24, 20 or 16 supercharges.T2 compactifications can preserve 20, 18 or 16 supercharges;
T3 compactifications can preserve 18 or 16 supercharges and higher compactifications preserve 16 super-
charges. The world sheet theory of this background is discussed. TheT dual and decompactified type IIA and
M-theoretic solutions which preserve 24 supercharges are given. Some comments are made regarding the AdS
parent and the CFT description.
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I. INTRODUCTION

In addition to the maximally symmetric AdS53S5 and
Minkowski backgrounds, it has recently been realized t
there is an additional background for the type IIB stri
which preserves 32 supercharges, namely thepp wave @1#.
As this background is achieved as a Penrose limit of Ad5
3S5 @2,3#, string theory on this background has a conform
field theory~CFT! dual @4#. Remarkably, this CFT is power
ful enough to see the perturbative string spectrum. Th
observations have caused a flurry of interest@5–19#.

Moreover, thepp wave has 30 isometries—the sam
number as AdS53S5 by virtue of the Penrose limit—o
which sixteen are spatial and noncompact. These there
provide a way to compactify thepp wave to lower dimen-
sions. In fact, the maximal number of commuting, nonco
pact and spatial Killing vectors is eight, the same numbe
for toroidal compactification of ordinary Minkowski space
the light cone.

The study of toroidal compactifications has provided
very rich structure of phenomena and dualities. In this pa
such a study is initiated forpp waves. The first step, give
after a review of thepp-wave geometry in Sec. II, is to
identify spacelike isometries on which to compactify. This
done in Sec. III.

An analysis of Killing spinors, in Sec. III, shows tha
compactification preserves at least half the supersymmet
up to 3/4, or 24 supercharges. While surprising, this c
occur because of the reduced rotational symmetry of the
tem, due to the nontrivial curvatures. In@20# an analysis of
the central charge matrix gave rise to the possibility of
Bogomol’nyl-Prasad-Sommerfield~BPS! states; it would be
interesting if the geometry studied here is employing t
mechanism.

In Sec. VI, theT-dual solution is given and lifted to M
theory. It is then shown that the M-theory solution also p
serves 24 supercharges. This is because the Killing spi
on the type IIB side do not involve the compact coordina
Otherwise there would be ‘‘supersymmetry without sup
symmetry’’ @21,22#.

*Electronic address: jeremy@physics.rutgers.edu
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Since the isometries derive from AdS53S5 isometries, it
is possible to find the corresponding quotient of AdS5,
which has a CFT dual. As discussed in Sec. VII, the quoti
turns out to be one of those previously discussed by Gh
and Mukhi @23#.

In addition we can perform a Melvin-like twist, as wa
previously done in the flat space context in many pape
including @24–33#. This breaks all the supersymmetries.
flat space, the result was a tachyon in the spectrum. Un
standing this closed string tachyon is a very interesting pr
lem which has been addressed in e.g.@33–43#. A closed
string tachyon is similarly expected here, the difference
ing that there should also be a dual CFT description. T
could be a good way to get some control over closed str
tachyon condensation.

The paper is organized as follows. In Sec. II the sup
symmetric type IIBpp wave is reviewed with an emphas
on the symmetries, their algebra and the introduction o
convenient coordinate system for use in most of the pa
These results are used in Sec. III to identify spacelike Killi
vectors and study the supersymmetries preserved by com
tification along their orbits. The Green-Schwarz string
quantized on these geometries in Sec. IV. The SO~8! symme-
try of the metric means that the quantization of the boso
part of the string is independent of the choice of space
Killing vector. For the fermionic part of the string, we an
lyze the maximally supersymmetric compactification in S
IV B 1 and the minimally~half! supersymmetricS1 compac-
tification in Sec. IV B 2. In the latter case, the Hamiltonian
time dependent. The effect on the compactification of add
a twist is analyzed in Sec. V. ThenT duality and supersym-
metry is discussed in Sec. VI. Finally the AdS53S5 parent
orbifold, and the choices therein, is described in Sec. V
Section VIII contains some conclusions. Two Appendic
contain some additional useful formulas. Although most
the text is devoted to compactification on a single circle,
many cases, the results generalize to higher tori in an o
ous way. One exception is a compactification on aT2 involv-
ing the same two coordinates~in the ‘‘standard’’ coordinate
system of@1#!. Appendix A presents a~singular! coordinate
system adapted to this compactification. In Appendix B so
additional expressions for the Killing spinors are given.
©2002 The American Physical Society02-1
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II. THE pp WAVE

In this section some useful facts about thepp-wave ge-
ometry, its isometries and its Killing spinors are collecte
The supergravity solution is@1#

ds252dx1dx224m2xixi~dx1!21dxidxi , ~2.1a!

(5)F5mdx1~dx1dx2dx3dx41dx5dx6dx7dx8!,
~2.1b!

where i 51 . . . 8, theconstantmÞ0 will be kept arbitrary
although it can be set to any convenient value by a coo
nate transformation, and(5)F is the self dual Ramond
Ramond~RR! five-form field strength. All other fields van
ish. These satisfy the type IIB equations of motion, includ

Gmn5
4

3
FmabgdFn

abgd . ~2.2!

Greek indices run over all the coordinates.
It will be convenient to make the change of coordinate

x15X1, x25X222mX1X2, xI5XI , I 53 . . . 8
~2.3a!

x15X1cos~2mX1!2X2sin~2mX1!,

x25X1sin~2mX1!1X2cos~2mX1!, ~2.3b!

Then the metric takes the form

ds252dX1dX224m2XIXI~dX1!228mX2dX1dX1

1dXidXi , ~2.4a!

(5)F5mdX1~dX1dX2dX3dX41dX5dX6dX7dX8!.
~2.4b!

In this coordinate system,]15]/]X1 is a manifest isometry
This is one of the circles on which we will consider compa
tification. In this coordinate system,X1, X2 are no longer
massive bosons but instead have the quantum mechanics
particle in a plane with constant magnetic field.

A. Isometries and Killing vectors

There is an obvious SO(4)3SO(4)’Z2 symmetry which
rotates and exchanges the$x1,x2,x3,x4% and $x5,x6,x7,x8%
subspaces. In fact, 30 Killing vectors were identified in@1#:
namely,

ke1
52]1 , ke2

52]2 , ~2.5a!

kei
52cos~2mx1!] i22m sin~2mx1!xi]2 ,

~2.5b!

ke
i*
522msin~2mx1!] i14m2cos~2mx1!xi]2 ,

~2.5c!

kMi j
5xi] j2xj] i ,both i , j 51 . . . 4 orboth i , j 55 . . . 8.

~2.5d!
06600
.
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These obey the algebra

@ke2
,all#50, @ke1

,Mi j #50, ~2.6a!

@ke1
,kei

#5ke
i*
, @ke1

,ke
i*
#524m2kei

,

@kei
,ke

j*
#54m2d i j ke2

, ~2.6b!

@kMi j
,kek

#5d jkkei
2d ikkej

,

@kMi j
,ke

k*
#5d jkke

i*
2d ikke

j*
, ~2.6c!

@kMi j
,kMkl

#5d jkkMil
2d ikkM jl

2d j l kMik
1d i l kM jk

.
~2.6d!

In particular,Mi j are the SO(4)3SO(4) rotational genera
tors.

B. Killing spinors and the superalgebra

Before listing the Killing spinors, some notation must b
introduced. The ten dimensionalG matrices obey

$Gm̆,Gn̆%52hm̆n̆, G6̆5
1

A2
~G 9̆6G 0̆!, ~2.7!

wherehm̆n̆ is the mostly positive Minkowski metric of the
tangent bundle.Gm1 . . . mp are products of theG matrices,
antisymmetrized with unit weight. The zenbein is@1#

e2̆5dx222m2~xi !2dx1, e1̆5dx1, eı̆5dxi .
~2.8!

I have used the cup to emphasize the tangent-space la
this is important as the following formulas employ th
choice of local frame. It is convenient to define

I 5G 1̆G 2̆G 3̆G 4̆, J5G 5̆G 6̆G 7̆G 8̆. ~2.9!

In terms of the one-formVm5( i /24)FmabgdGabgd,

V250, V15m~ I 1J!,

V i5H 2mG1̆G ı̆ I , i 51 . . . 4,

2mG1̆G ı̆J, i 55 . . . 8,
~2.10!

to each constant, complex positive chirality spinorc is as-
sociated the Killing spinor@1#

e~c!5@12 ix iV i #@cos~mx1!12 i sin~mx1!I #

3@cos~mx1!12 i sin~mx1!J#c. ~2.11!

These obey the Killing spinor equation

S ¹m1
i

24
FmabgdGabgdD e~c!50. ~2.12!
2-2
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Since there are 32 linearly independentcs, there are 32 lin-
early independent positive chirality Killing spinors, corr
sponding toN52B supersymmetry in ten dimensions.

These are acted on nontrivially by the Killing vector
Specifically, the Lie derivative on spinors is defined by~see
@44# and references therein!

£ke5km¹me1
1

4
~¹mk

n
!Gmne. ~2.13!

Then @1,5#

£ke2

e~c!50, £ke1

e~c!5e~ im~ I 1J!c!,

£Mi j
e~c!5eS 1

2
G ı̆ ̆c D , ~2.14a!

£kei 51 . . . 4
e~c!5e~2 imIG ı̆G1̆c!

£kei 51 . . . 4
*

e~c!5e~2m2G ı̆G1̆c! ~2.14b!

£kei 55 . . . 8
e~c!5e~2 imJG ı̆G1̆c!

£kei 55 . . . 8
*

e~c!5e~2m2G ı̆G1̆c!. ~2.14c!

This information will be used to count the number of sup
symmetries preserved by compactification.

III. S1 AND Td COMPACTIFICATION OF THE pp WAVE

In @1#, the authors considered compactification along
circle generated by the@manifest in Eqs.~2.1a!, ~2.1b!# isom-
etry ke2

1ke1
.1 However, that is not spacelike:

ike2
1ke1

i25224m2~xi !2. ~3.1!

Though compactification of timelike circles has been cons
ered in@45#, for example, such a circle is likely to introduc
complications that I do not want to consider here.2 Also, the
isometry~3.1! breaks all the supersymmetries, except at s
cial values of the radius. Instead, there are several isome
that, while not yet manifest, are spacelike of unit nor
Namely, define

kS
i j
65kei

6
1

2m
ke

j*
, ~3.2!

and note that

ikS
i j
6i251,iÞ j . ~3.3!

1This was also one of the two isometries that was compactifie
@10#, in the context of the Penrose limit of AdS33S33T4. The
other isometry considered in@10# is one associated with theT4.

2After much of this paper was written,@16# appeared which dis-
cusses this type of compactification with interesting results.
06600
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We will use this set of isometries to compactify thepp-wave
geometry.@For fixed i, ikS

ii
6i2516sin 4mx1 goes null at

x15(2n71)p/8m.# Note that, in contrast to toroidal com
pactification of flat space, the isometries~3.2! are not hyper-
surface orthogonal.

Although there are many of these isometries, the SO
3SO(4)’Z2 symmetry3 implies that we can, without loss o
generality, choose the ‘‘1 ’’ sign and i 51; then there are
only two distinct choices ofj, namely j 52 or j 55. Al-
though the metric behavior is the same for both choices,
RR field is quite different.

For the first choice,j 52, the isometrykS
12
1 is manifest in

Eqs.~2.4a!, ~2.4b!. Also,

]

]X1
52ke1

12mkM12
~3.4!

is a Killing vector of the geometry. Forj 55 the RR field is
more complicated in manifest coordinates:

ds252dX1dX224m2XÎXÎ~dX1!228mX5dX1dX1

1dXidXi , ~3.5a!

(5)F5mdX1@cos~2mX1!dX1dX2dX3dX4

2sin~2mX1!dX5dX2dX3dX4

1sin~2mX1!dX1dX6dX7dX8

1cos~2mX1!dX5dX6dX7dX8#, ~3.5b!

where Î 52,3,4,6,7,8. In particular note that

]

]X1
5

]

]x1
12mS x1

]

]x5
2x5

]

]x1D ~3.6!

is not an isometry of the field configuration. For this choi
of circle compactification, then, the light-cone Hamiltonia
will be time dependent.

Focusing on theS12
1 compactification, the nine dimen

sional field configuration is easily read off@46# as

ds9
252dX1dX224m2@4~X2!21XÎXÎ #~dX1!21dXı̂dXı̂,

~3.7a!

A9524mX2dX1, ~3.7b!

(3)A952mX1dX2dX3dX4, ~3.7c!

where ı̂52 . . . 8, A9 is the KK gauge field and(3)A9 is the
dimensionally reduced potential for the ten dimensional s
dual five-form field strength.

in

3Including the Z2PSO(4) elementxi ,xj→2xi ,2xj ~with i , j
51 . . . 4 ori , j 55 . . . 8) which takesSi j

6→2Si j
6 , Sik

6→2Sik
7 and

Sk j
6→Sk j

7 , kÞ i , j .
2-3
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All of the Si j
6 compactificationspreserveat least 1/2 of the

supersymmetry, or 16 supercharges. Ifi , j are in the same
SO(4) subgroup, then 3/4, or 24 supercharges, is preser
This is seen from Eqs.~2.14a!–~2.14c!, since

£kei
1(1/2m)kej

*
e~c!5e~ imQi j c!, ~3.8!

where

Qi j 5

¦

G ̆S 1

2 (
k,l 51

4

e i jkl G
k̆l̆ 2 i 1DG1̆, i , j 51 . . . 4,

G ̆S 1

2 (
k,l 55

8

e i jkl G
k̆l̆ 2 i 1DG1̆, i , j 55 . . . 8,

2G ̆S 1

6 (
k,l ,m51

4

e iklmG k̆l̆ m̆G ̆1 i 1DG1̆,

i 51 . . . 4,j 55 . . . 8,

2G ̆S 1

6 (
k,l ,m55

8

e iklmG k̆l̆ m̆G ̆1 i 1DG1̆,

i 55 . . . 8,j 51 . . . 4.
~3.9!

For the periodic spin structure, the supersymmetries p
served by the compactification are those whose Kill
spinors are preserved by the isometry. That is, we wan
count the number of complex, constant, positive chira
spinors annihilated byQ. @In principle, we should require
only e2p iR£ke(c)5e(c); however, sinceQi j is nilpotent,
this is the same thing. In particular, there are no special r
of enhanced supersymmetry.# Clearly, these include the 1
spinors annihilated byG1̆. For i , j in different SO(4)
subgroups—the last two lines of Eq.~3.9!—the matrix in
parenthesis is nondegenerate, so there are no other supe
metries. Wheni , j are in the sameSO(4) grouping, then the
matrix in parenthesis annihilates an additional 8 spinors
this latter case,

Pi j 5P12
1

8
Qi j †Qi j P1 ,

@no sum;i , j in the same SO~4! grouping# ~3.10!

is the projection operator onto these 24 spinors, whereP1 is
the projection onto positive chirality spinors.

More generally, we can consider other linear combin
tions of Killing vectors. However, from the previous analys
it is easy to see that generic linear combinations ofkei

and

ke
j*

will break all the supersymmetries. Although the ad

tion of any multiple ofke2
to, say,kS

12
1 does not affect the

norm—that is, kS
12
1 1ake2

provides a nice spacelik

isometry—such an addition can be removed via a coordin
transformation generated bykS

21
2 ; thus there is no need t

consider this linear combination. Includingke1
or kMi j
06600
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would generically break all the supersymmetries~though we
will consider the latter in Sec. V!. This leaves one interestin
possibility:

akS
12
1 1bkS

56
1 , a21b251, ~3.11!

has unit norm and preserves 20 supercharges, namely t
preserved by the projectionP12P56.

Finally, note that if we compactify simultaneously on th
circles generated by bothkS

i j
1 and kS

i j
2, then we break half

the supersymmetry; namely the half not annihilated byG1̆.
This is also true for compactification with respect to bothkS

i j
1

andkS
ji
1. For simultaneous compactification on, say,kS

i j
1 and

kS
ik
1, kÞ j , again half the supersymmetry is broken. Althou

kS
ji
2 preserves the same supersymmetries askS

i j
1, the two do

not commute, and so the compactification on both does
correspond to aT2 compactification. More specifically, in th
coordinates~2.3a!, ~2.3b!, if Si j

1 is compactified on a circle o
radiusR1 and Sji

2 is compactified on a circle of radiusR2,
then we must also identify the null coordinateX2;X2

18pmR1R2.
Thus, we can compactify on at most three circles bef

we have, at most, sixteen supercharges. The coordinate t
formation which manifests the circles is an obvious gener
zation of Eqs.~2.3a!, ~2.3b!, and in this coordinate system
we have obvious generalizations of Eqs.~2.4a!, ~2.4b!, and
~3.5a!, ~3.5b!.

The compactification also breaks some bosonic symme
For compactification onS12

1 , the SO(4)3SO(4) is broken to
SO(2)3SO(4), and for thecompactification onS15

1 , the re-
sidual rotational symmetry is SO(3)3SO(3). Also, though
ke1

, kej
, ke

i*
are no longer isometries after compactificati

on the orbit ofSi j
1 , the linear combinationske1

22mkM12

and kej
1(1/2m)ke

i*
are still isometries. Thus, the residu

isometry group is 23 @g’„SO(3)3SO(3)…# or 24-
dimensional @g’„SO(2)3SO(4)…# where g is the 17-
dimensional group generated by the noncompact Killing v
torske2

, ke1
22mkM12

, Sji
1 , ekÞ j , ekÞ i* . For each additional

compactified direction, the rotational group decreases fur
~to what depends on the details of the compactification;
Table I!, but only removes one additional generator fromg.
This is summarized in Table I.

IV. THE GREEN-SCHWARZ STRING ON THE
COMPACTIFIED pp WAVE

In this section the Green-Schwarz string is quantized
the compactifiedpp wave. The focus is on the compactifica
tion along the orbit ofkS

12
1 ; that is, X1;X112pR for the

solution~2.4a!, ~2.4b!. Section IV B 2 will briefly discuss the
S15

1 compactification. The bosons, of course, are impervio
to the difference betweenS12

1 andS15
1 .
2-4
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TABLE I. A summary of~many of! the independent ways in which one can compactify on commuting isometries, and the corresp
unbroken rotational symmetries and the number of unbroken supercharges. Not all compactifications preserving 16 supercharges
The isometries are labeled as in Eq.~3.2!. Only the continuous part of the rotational symmetries is listed.

Dimensions compactified Isometries Continuous rotations Number of other bosonic generators Preserved supe
S12

1 SO(2)3SO(4) 24
1 aS12

1 1bS56
1 SO(2)3SO(2) 17 20

S15
1 SO(3)3SO(3) 16

S12
1 ,S34

1 SO~4! 20
S12

1 ,S56
1 SO(2)3SO(2) 20

aS12
1 1bS56

1 , S34
1 SO~2! 18

S12
1 ,S35

1 SO~3! 16
S15

1 ,S26
1 SO(2)3SO(2) 16

S12
1 ,S21

1 SO(2)3SO(4) 16
2 S12

1 ,S12
2 SO(2)3SO(4) 16 16

S12
1 ,S13

1 SO~4! 16
S12

1 ,S15
1 SO~2!3SO~3! 16

S15
1 ,S51

1 SO(3)3SO(3) 16
S15

1 ,S15
2 SO(3)3SO(3) 16

S12
1 ,S34

1 ,S56
1 SO~2! 18

S12
1 ,S35

1 ,S46
1 SO~2! 16

S12
1 ,S35

1 ,S67
1 — 16

S15
1 ,S26

1 ,S37
1 — 16

S12
1 ,S13

1 ,S56
1 SO~2! 16

S12
1 ,S13

1 ,S45
1 SO~3! 16

S12
1 ,S32

1 ,S56
1 SO~2! 16

3 S12
1 ,S32

1 ,S45
1 SO~3! 15 16

S12
1 ,S32

1 ,S34
1 SO~4! 16

S12
1 ,S12

2 ,S34
1 SO~4! 16

S12
1 ,S12

2 ,S56
1 SO(2)3SO(2) 16

S12
1 ,S12

2 ,S35
1 SO~3! 16

S12
1 ,S35

1 ,S35
2 SO~3! 16

S12
1 ,S21

1 ,S34
1 SO~4! 16

S12
1 ,S21

1 ,S56
1 SO(2)3SO(2) 16

S12
1 ,S21

1 ,S35
1 SO~3! 16

S12
1 ,S35

1 ,S53
1 SO~3! 16

d>4 many choices various 182d 16
re
e

.

-

n

A. Bosonic oscillations

The world sheet coordinates aret,s and the Lorentzian
world sheet metric isgab . Light-cone gauge is given4 by
setting X15t, detg521, ]sgss50 and gts50. The
bosonic action in light-cone gauge is then

SB52
1

4pa8
E d2s$2gss@2Ẋ224m2~XI !228mX2Ẋ1

1~Ẋi !2#1gss
21~Xi8!2%, ~4.1!

where overdots and primes denote differentiation with
spect tot ands, respectively. This is supplemented with th
constraint equation, of which the bosonic part@see also Eq.
~4.17!# is

4Light-cone gauge is allowed sinceX1 obeys a harmonic equatio
of motion before gauge fixing.
06600
-

X2854mX2X182ẊiXi8. ~4.2!

We see that, as usual,p25dS/dẊ25gss/2pa8, along with
the equation@which also gets a fermionic contribution in Eq
~4.18!#

Ẋ254mX2Ẋ112m2XIXI2
1

2
~Ẋi !22

1

2p2
2 a82

~Xi8!2.

~4.3!

The equation of motion forXI is the same massive equa
tion as for the uncompactifiedpp wave @5,6#. For X5X1

1 iX2,

Ẍ2c2X9524m iẊ, ~4.4a!

Ẍ̄2c2X̄954m i Ẋ̄, ~4.4b!
2-5
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andX;X12pR, wherec5(a8p2)21. Thus the mode ex-
pansion is

X5X0e22m i tcos 2mt1
p0

2mp2

e22m i tsin 2mt1wRs

1
i

p2
Aa8

(
nÞ0

e22m i t

nAc214
m2

n2

@ane2 in(Ac214m2/n2t1s)

1ãne2 in(Ac214m2/n2t2s)#, ~4.5a!

X̄5X̄0e2m i tcos 2mt1
p̄0

2mp2

e2m i tsin 2mt1wRs

1
i

p2
Aa8

(
nÞ0

e2m i t

nAc214
m2

n2

āne2 in(Ac214m2/n2t1s)

1 ā̃ne2 in(Ac214m2/n2t2s), ~4.5b!

XI5X0
I cos 2mt1

p0
I

2mp2

sin 2mt

1
i

p2
Aa8

(
nÞ0

1

nAc214
m2

n2

@an
I e2 in(Ac214m2/n2t1s)

1ãn
I e2 in(Ac214m2/n2t2s)#. ~4.5c!

Note that an , ãn , . . . is a positive~negative! frequency
mode forn positive~negative! ~and large!. The mode expan-
sion for X,X̄ is reminiscent of the mode expansion for t
massive scalar, but is rotated by an extra time depen
phase factore2m i t. The canonical commutation relations a

@X0 ,p̄0#5 i 5@X̄0 ,p0# @X0
I ,p0

J#5 id IJ, ~4.6a!

@an ,ām#52nA114
m2

n2c2
dn,2m5@ãn ,ā̃m#,

~4.6b!

@an
I ,am

J #5nA114
m2

n2c2
d IJdn,2m5@ãn

I ,ãm
J #,

~4.6c!

and all others vanish. Finally, note that

X0
†5X̄0 , p0

†5 p̄0 , p0
I †5p0

I , X0
I †5X0

I , ~4.7a!
06600
nt

an
†5ā2n , ãn

†5 ā̃2n , an
I †5a2n

I , ãn
I †5ã2n

I .
~4.7b!

In terms of oscillators, the bosonic part of the Ham
tonian is ~ignoring the zero-point energy, which supersym
metry cancels against the fermionic zero-point energy!

HB52m2p2X0X̄012m2p2~X0
I !21

p0p̄0

2p2
1

~p0
I !2

2p2

1
~wR!2

2a82p2

1c(
n.0

~a2nān1ā2nan1ã2nā̃n

1 ā̃2nãn12a2n
I an

I 12ã2n
I ãn

I !2 im~X0p̄02X̄0p0!

1c(
n.0

2m

nAc214m2/n2
~a2nān2ā2nan1ã2nā̃n

2 ā̃2nãn!. ~4.8!

Note that this is not the same Hamiltonian as in@5,6#; in this
coordinate system that is natural for compactification,
Hamiltonian includes the angular momentum generator
the 12-plane—see Eq.~3.4!.

B. Fermionic oscillations

The type IIB Green-Schwarz string is written in terms
a pair of positive chirality Majorana-Weyl space-time spino
QL, L51,2. Along with the indexL come the matrices

r05 is2, r15s1, r35s3, ~4.9!

where thes i are the Pauli matrices. The starting point is t
observation that with sufficient symmetry and the light-co
gauge fixing

G1̆QL50, ~4.10!

one can immediately write the covariantized action@6,47,48#

SF52
1

2pE d2sA2g i ~gabdLS

12peabr3LS!]aXmQ̄LGm~DbQ!S, ~4.11!

where, in the Majorana representationQ̄L5(QL)TG 0̆, and
the covariant derivative on spinors is

Da5]a1
1

4
]aXmvms̆t̆G

s̆t̆

2
1

235!
(5)FmnlstG

mnlst]aXrGrr0 , ~4.12!

where vms̆t̆ is the spacetime spin connection and I ha
included the effect of a background five-form field streng
but no other background fields.~See e.g.@6# for a more com-
plete expression.! The world sheet metric is that of Sec. IV A
andeab is a true tensor withets5A2g51.
2-6
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1. Compactification on S12
¿

The natural coordinate system for compactification alo
kS

12
1 is that of Eq.~2.4!, for which the zenbein is

e2̆5dX222m2~XI !2dX124mX2dX1,

e1̆5dX1, eı̆5dXi , ~4.13!

and the nonzero components of the spin connection are

v11̆ Ĭ524m2XI , v11̆2̆522m52v21̆1̆5v11̆2̆ .
~4.14!

In particular, note that, for this geometry, four-and-high
Fermi Riemann curvature terms do not appear in Eq.~4.11!,
due to the gauge fixing~4.10!.

Thus for the background~2.4a!, ~2.4b!, the fermionic ac-
tion is

SF5 ia8p2E d2s@Q̄LG2̆~dLS]t1cr3LS]s!QS

22mQ̄LG2̆Ir0LSQS2mQ̄LG2̆1̆2̆QL#. ~4.15!

This leads to the equations of motion

~]t1c]s2mG 1̆2̆!Q122mIQ250, ~4.16a!

~]t2c]s2mG 1̆2̆!Q212mIQ150.
~4.16b!

Also the constraint equation~4.2! should be replaced with

X2854mX2X182ẊiXi82 ia8Q̄LG2̆]sQL, ~4.17!

and Eq.~4.3! gets a fermionic contribution so that it reads

Ẋ254mX2Ẋ112m2XIXI2
1

2
~Ẋi !22

1

2p2
2 a82

~Xi8!2

2 ia8Q̄LG2̆]tQ
L1 ia8Q̄LG2̆G 1̆2̆QL

12ia8Q̄LG2̆Ir0LSQS. ~4.18!

The general solution to the equations of motion~4.16!, sub-
ject to the periodicity condition

QL~s12p,t!5QL~s,t!, ~4.19!

is
06600
g

-

Q15A c

2p
emG 1̆2̆t~cos 2mt!u0

1

1A c

2p
emG 1̆2̆t~sin 2mt!Iu0

2

1A c

2p
(
nÞ0

emG 1̆2̆t

A11S n~Ac214m2/n22c!

2m
D 2

3F e2 in(Ac214m2/n2t2s)un
11

i

2m
nSAc21

4m2

n2
2cD

3e2 in(Ac214m2/n2t1s)Iun
2G , ~4.20a!

Q25A c

2p
emG 1̆2̆t~cos 2mt!u0

2

2A c

2p
emG 1̆2̆t~sin 2mt!Iu0

1

1A c

2p
(
nÞ0

emG 1̆2̆t

A11S n~Ac214m2/n22c!

2m
D 2

3Fe2 in(Ac214m2/n2t1s)un
22

i

2m
nSAc21

4m2

n2
2cD

3e2 in(Ac214m2/n2t2s)Iun
1G , ~4.20b!

whereun
L are positive chirality Majorana-Weyl spinor oper

tors for whichG1̆un
L50. Comparing to@5,6#, we see that the

fermions are rotated like the bosons, but in the spin rep
sentation, of course. Half of theun

Ls ~or four for eachL)

haveG 1̆2̆5 i and the other half haveG 1̆2̆52 i . Note that the
periodicity condition~4.19! is unaffected by compactification
in the X1 direction, again due in part to the gauge fixin
~4.10!; thus Eqs.~4.20a!, ~4.20b! hold in winding sectors, as
well.

Reality of QL implies

un
aL†5u2n

aL , ~4.21!

as usual, where here,a is a spinor index; in particular, the
zero modes are self-conjugate. The canonical commuta
relations are

$un
aL ,um

bS%5
1

A2
dn,2m

~G1̆G2̆!ab

2
dLS, ~4.22!
2-7
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where theG matrices enforce light-cone gauge by projecti
onto the subspace annihilated byG1̆.

The fermionic contribution to the Hamiltonian is~again
ignoring the zero-point energy!

HF5 imū0
1G2̆1̆2̆u0

11 imū0
2G2̆1̆2̆u0

2

14m i ū0
1G2̆Iu0

22(
n.0

F ū2n
1 G2̆S nAc21

4m2

n2

1 imG 1̆2̆D un
11 ū2n

2 G2̆S nAc21
4m2

n2
1 imG 1̆2̆D un

2G .

~4.23!

Again, this is recognizable as the Hamiltonian of@5,6# plus
fermionic angular momentum in the 12-plane.

2. Compactification on S15
¿

For compactification along the circle generated bykS
15
1 the

zenbein is

e2̆5dX222m2~XI !2dX124mX5dX1,

e1̆5dX1, eı̆5dXi , ~4.24!

and more importantly, the field strength~3.5b! has gained
someX1-dependence. As a result, the action~4.11! is now

SF5 ia8p2E d2s@Q̄LG2̆~dLS]t1cr3LS]s!QS

22mQ̄LG2̆Ie22mtG 1̆5̆
r0LSQS2mQ̄LG2̆1̆5̆QL#.

~4.25!

The action is now time dependent. Despite this differen
the classical solution to the equations of motion is still giv
by the mode expansion~4.20a!, ~4.20b! after replacingG 1̆2̆

with G 1̆5̆. Note that unlike there, the ordering of theG ma-
trices is important here sinceG 1̆5̆ anticommutes withI. Ex-
plicitly,

Q15A c

2p
emG 1̆5̆t~cos 2mt!u0

12emG 1̆5̆tA c

2p
~sin 2mt!Iu0

2

1A c

2p
(
nÞ0

emG 1̆5̆t

A11S n~Ac214m2/n22c!

2m
D 2

3Fe2 in(Ac214m2/n2t2s)un
11

i

2m
nSAc21

4m2

n2
2cD

3e2 in(Ac214m2/n2t1s)Iun
2G , ~4.26a!
06600
,

Q25A c

2p
emG 1̆5̆t~cos 2mt!u0

2

1A c

2p
emG 1̆5̆t~sin 2mt!Iu0

1

1A c

2p
(
nÞ0

emG 1̆5̆t

A11S n~Ac214m2/n22c!

2m
D 2

3F e2 in(Ac214m2/n2t1s)un
22

i

2m
nSAc21

4m2

n2
2cD

3e2 in(Ac214m2/n2t2s)Iun
1G . ~4.26b!

So, not surprisingly, we again obtain the rotated uncomp
tified result.

V. TWISTED COMPACTIFICATION

In this section the compactification is done along t
isometry

2kS
12
1 1

q

R
kM34

. ~5.1!

In flat space, this compactification leads to the Melv
universe—see e.g.@24–31#.5 I have chosen to rotate in th
34-plane as the circle is traversed, but little will change
the following @though the rotational symmetry of the resu
ing space would be SO(2)3SO(2) instead of SO~4!# if the
rotation is, say, in the 56-plane instead. Note that—unlesq
is an even integer, at which point the theory is equivalen
compactification alongkS

12
1—all the supersymmetry is bro

ken by this compactification.
With

Z5X31 iX4, ~5.2!
identification on the orbits of Eq.~5.1! is equivalent to the
identification

$X1,Z,Z̄,QL%;$X112pR,e2p iqZ,e22p iqZ̄,epqG 3̆4̆
QL%.

~5.3!
The action is the same as Eqs.~4.1! and~4.15!, but following
the identification~5.3!, the boundary conditions are replace
by

Z~s12p,t!5e2p iqwZ~s,t!,

QL~s12p,t!5epqwG 3̆4̆
QL~s,t!, ~5.4!

where w is the winding number in the mode expansio
~4.5a!–~4.5c!. The effect of the twist is therefore to shift th
moding ofZ andQ, whenwÞ0. ~If q is rational, the moding
of Z is not shifted wheneverqwPZ and Q modes are not
shifted whenqwP2Z.! With the notation

5Compared to much of the literature,qhere5(qR) there. In particu-
lar, qhere is dimensionless.
2-8
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x̂[x2 bxc5the fractional part ofx, ~5.5!

then forqŵÞ0, the mode expansion~4.5c! is replaced by

Z5
i

p2
Aa8

(
nÞ0 F 1

~n2qŵ!Ac214
m2

~n2qŵ!2

bn2qŵ

3e2 i (n2qŵ)„Ac21[4m2/(n2qŵ)2] t1s…

1
1

~n1qŵ!Ac214
m2

~n1qŵ!2

b̃n1qŵ

3e2 i (n1qŵ)„Ac21[4m2/(n1qŵ)2] t2s…G , ~5.6a!
06600
Z̄5
i

p2
Aa8

(
nÞ0 F 1

~n1qŵ!Ac214
m2

~n1qŵ!2

b̄n1qŵ

3e2 i (n1qŵ)„Ac21[4m2/(n1qŵ)2] t1s)

1
1

~n2qŵ!Ac214
m2

~n2qŵ!2

b̄̃n2qŵ

3e2 i (n2qŵ)„Ac21[4m2/(n2qŵ)2] t2s…G , ~5.6b!

and if qŵ/2Þ0 the expansion~4.20a!, ~4.20b! is replaced by
Q1~s,t!5A c

2p
(
nÞ0

emG 1̆2̆t

3F 1

A11SA„n2 i ~qŵ/2!G 3̆4̆
…

2c214m22c

2m
D 2

e2 i „n2 i ~qŵ/2!G 3̆4̆
…†

Ac21[4m2/„n2 i ~qŵ/2!G 3̆4̆
…

2] t2s‡

3u
n2 i ~qŵ/2!G 3̆4̆

1
1

i

2m

„n1 i ~qŵ/2!G 3̆4̆
…SAc21

4m2

„n1 i ~qŵ/2!G 3̆4̆
…

2
2cD

A11SA„n1 i ~qŵ/2!G 3̆4̆
…

2c214m22c

2m
D 2

3e2 i „n1 i ~qŵ/2!G 3̆4̆
…†

Ac21[4m2/„n1 i ~qŵ/2!G 3̆4̆
…

2] t1s‡Iu
n1 i ~qŵ/2!G 3̆4̆

2 G , ~5.6c!
2-9
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Q2~s,t!5A c

2p
(
nÞ0

emG 1̆2̆t

3F 1

A11SA„n1 i ~qŵ/2!G 3̆4̆
…

2c214m22c

2m
D 2

e2 i „n1 i ~qŵ/2!G 3̆4̆
…†

Ac21[4m2/(n1 i ~qŵ/2!G 3̆4̆
…

2] t1s‡

3u
n1 i ~qŵ/2!G 3̆4̆

2
2

i

2m

„n2 i ~qŵ/2!G 3̆4̆
…SAc21

4m2

„n2 i ~qŵ/2!G 3̆4̆
…

2
2cD

A11SA„n2 i ~qŵ/2!G 3̆4̆
…

2c214m22c

2m
D 2

3e2 i „n2 i ~qŵ/2!G 3̆4̆
…†

Ac21[4m2/„n2 i ~qŵ/2!G 3̆4̆
…

2] t2s‡Iu
n2 i ~qŵ/2!G 3̆4̆

1 G . ~5.6d!
s.
es

y

ck

d

ill-

-
rs,
Although the labels would make more sense in a~complex!
basis of eigenspinors ofG 3̆4̆, the expression is unambiguou
The Hermiticity properties and commutation relations are
sentially the same as in Sec. IV B 1.

VI. T DUALITY

Performing aT duality of the nine dimensional geometr
3.7 along the X1 direction leads to the type IIA
configuration6

dsIIA
2 52dX1dX224m2@4~X2!21~XI !2#~dX1!21~dXi !2,

~6.1a!

B524mX2dX1dX1, ~6.1b!

(3)A58mX1dX2dX3dX4, ~6.1c!

whereB is the Neveu-Schwarz~NS-NS! two-form and (3)A
is the RR three-form potential. It is straightforward to che
that these obey the type IIA equations of motion.

This can be further lifted to M theory, giving the fiel
configuration

dsM
2 52dX1dX224m2@4~X2!21~XI !2#~dX1!21~dXi !2

1~dX11!2, ~6.2a!

6The normalizations are that of@49#, except that, (5)Fhere

5
1
8

(5)F @49# .
06600
-

(3)C54mX1dX1dX2dX1118mX1dX2dX3dX4.
~6.2b!

This solution preserves 24 supercharges. The M-theory K
ing spinor equation is@44#

05Dme[¹me2
1

288
(4)Fstlr@GstlrGm14Gstldm

r #.

~6.3!

The integrability condition,@Dm ,Dn#e50 givesG1̆(G 1̆3̆4̆1̆ 1

21)e50. Since Eq.~6.3! is a first-order differential equa
tion, this means that there are precisely 24 Killing spino
namely

e~c!5F11(
i 52

8

XiṼ i GexpF2
m

3
X1~32G2̆G1̆!G2~2G 3̆4̆

1G 1̆1̆1!Gc, ~6.4!

with c a constant spinor obeying (G 1̆3̆4̆1̆121)G1̆c50, and

Ṽ25
2

3
mG1̆~2G 3̆4̆2G 1̆1̆1!, ~6.5a!

Ṽ I 53,452
1

3
mG1̆2̆Ĭ~4G 3̆4̆1G 1̆1̆1!
2-10
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Ṽ I 55, . . . ,85
1

3
mG1̆2̆Ĭ~2G 3̆4̆2G 1̆1̆1!. ~6.5b!

The continued presence of the 24 Killing spinors afterT
duality may not seem surprising, but it occurs only beca
the type IIB Killing spinors do not carry momentum—o
equivalently, are independent ofX1, as is shown in Appendix
B. Otherwise, some of the spinors would have winding a
would not be visible in theT-dualized supergravity, as in
@22# ~see also the recent@16#!. Observe also that thes
M-theory Killing spinors are similarly independent of bo
X1 andX11.

VII. THE AdS 5ÃS5 ORIGIN OF THE CIRCLE

The pp wave arises from the Penrose limit of AdS53S5

@2–4#. This is a powerful observation, as has been m
clear by the CFT description of@4#. In @3# it was explained
that the Penrose limit preserves the isometries of the orig
spacetime~though not the algebra!. Since we have no
gained any isometries by taking the Penrose limit, the iso
etry on which we are compactifying must correspond
some isometry of AdS53S5; that is, our compactified space
time is the Penrose limit of a quotient of AdS53S5. That
quotient will be identified here.

AdS53S5 has isometry group SO(4,2)3SO(6), with
generatorsMmn and Pm , whereMmn are rotations andPm
are ‘‘translations’’ which commute to rotations.~For unity of
the presentation, either bothm,n50 . . . 4 or both m,n
55 . . . 9.! In terms of embedding coordinatesYM, where
hMNYMYN561, the isometries are rotational: withM MN
5YM]N2YN]M for M ,N521 . . . 4 orM ,N55 . . . 10,Pm
is thenM 21,m or M10,m . In @3,12#, it was shown that unde
the Penrose limit,

Pi→ei , H M0i , i 51 . . . 4

M9i , i 55 . . . 8
→2mei* . ~7.1!

Therefore, our quotient by thekS
12
1 isometry corresponds to

quotient by the linear combinationP11M02. Alternatively,
we could map it to a discrete quotient of the sphere byP5
1M96. Interestingly, Behrndt and Lu¨st have shown tha
(AdS5 /ZN)3S5 orbifolds are U-dual to AdS53(S5/ZN) or-
bifolds @50#. We see that this obviously holds forZ orbifolds
as well, at least after taking the Penrose limit. It would
interesting to understand if this is true before taking the P
rose limit, as well.

On the AdS side, thisZ quotient is one of those discusse
by Ghosh and Mukhi@23#. Specifically, introducing ‘‘light-
cone’’ coordinates in the embedding space,

z1
65Y06Y2, z2

65Y16Y21, w5Y36 iY4, ~7.2!

and the corresponding AdS5 coordinates

z1
65cosh

u1

2
e6d, z2

65sinh
u1

2
cos

u2

2
e6a,
06600
e

d

e

al

-

-

w5sinh
u1

2
sin

u2

2
, ~7.3!

then the quotient is by]/]d1]/]a. This group action is
free, and preserves half the supersymmetries. In Sec. II
was shown that after taking the Penrose limit, it preser
3/4 of the supersymmetries. It is already known that e
hancement of supersymmetry often occurs upon taking
Penrose limit@8,9,13,15,17,18#. Here we have the novel phe
nomenon that the supersymmetry is enhanced not to the
32 supercharges but to 24.

The more complicatedkS
15
1 mixes the AdS with the spher

via P11M95. The Melvin twist adds someM34 ~or M78).

VIII. CONCLUSIONS

The most general set of spacelike isometries on which
can compactify thepp wave has been identified. In contra
with Minkowski space, there are a large number of choic
for compactification on supersymmetric circles and tori, ev
before considering the shape of the torus. Some of these
given in Table I. Even more remarkably, one finds comp
tifications to nine dimensions which preserve 20 or 24 sup
charges, and compactifications to eight dimensions wh
preserve 18 or 20 supercharges. Whether these pec
amounts of supersymmetry arise in a way related to the
BPS states of@20# bears investigating.T duality gives type
IIA and 11-dimensional supergravity solutions that also p
serve precisely 24 supercharges.

It should be noted that it is easy to see a very similar st
for the maximally supersymmetric M-theory wave@44#. In
particular, using the notation of@44#, compactification on
circles generated byke1

1(3/m)ke
2*

and ke4
1(6/m)ke

5*
will

preserve 24 supercharges.
Understanding the CFT dual to the compactifications

scribed here would be very interesting. In Sec. VII, it w
seen that thepp wave compactification arises from a fre
and fairly simple,Z orbifold of AdS5, of a type discussed in
@23#. However, the simpleness of the orbifold could be qu
deceptive; it has been noted in@51,52# that an orbifold of
AdS by a discrete group is typically dual to a CFT on
non-Hausdorff space. For this reason, it may make m
sense to try to consider, using the techniques of@53#, the
equivalent description of thepp wave compactification via
an S5/Z. ~Finite orbifolds have recently been discussed
this context in@13,15,17,18#.!

This problem is unlikely to improve for the orbifolding
that includes the Melvin twist. However the rewards of su
an investigation could include a definitive resolution of t
fate of the Melvin tachyon.~An interesting analysis of a
stable twisted compactification of AdS73S4 was given in
@54#.!

Finally we saw that simultaneous compactification onS12
1

and S21
2 results in a noncompact, nonabelian orbifold th

preserves 24 supercharges, and includes a null identifica
It would be interesting to study this orbifold.
2-11
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APPENDIX A: MORE MANIFEST ISOMETRIES

In the text compactification was considered only alo
kS

i j
1, but it was noted that it is possible to consider theT2

compactification alongkS
12
6 , say. This is made manifest vi

the coordinate transformation

x15y1, x25y212my1y2sin~4my1!, xI5yI ,
~A1a!

x152~y11y2!cos~2my1!,

x252~y12y2!sin~2my1!. ~A1b!

The field configuration in these coordinates is

ds252dy1dy224m2yIyI~dy1!21~dy1!21~dy2!2

12 cos 4my1dy1dy21dyIdyI , ~A2a!

(5)F5
1

8
d cos~4my1!dy1dy2dy3dy4

1mdy1dy5dy6dy7dy8. ~A2b!

Note that the metric—and the coordinate transformation—
singular aty15np/4m. Of course, these are just coordina
singularities. The analysis of Sec. III shows that this co
pactification preserves 16 supercharges.

APPENDIX B: KILLING SPINORS IN THE Xµ

COORDINATE SYSTEM

In the coordinate system~2.3a!, ~2.3b! and using the zen
bein ~4.13!, the Killing spinors are
s

s

s

er

rg

s.

06600
,

by

is

-

e~c!5@11mX1G1̆2̆2mX2G1̆1̆2 iXiV i #@cos~mX1!1

1sin~mX1!G 1̆2̆#@cos~mX1!12 i sin~mX1!I #

3@cos~mX1!12 i sin~mX1!J#c. ~B1!

Note thatVm has the same form~2.10! in this coordinate and
frame. It was already noted in Sec. III, via Eq.~2.13!, that the
Killing vector kS

12
1 52]/]X1 preserves 24 supersymmetrie

In this coordinate system the Lie derivative~2.13! with re-
spect tokS

12
1 is just

£kS12
1e~c!52

]

]X1
e~c!5e„imG 2̆~G 3̆4̆2 i 1!G1̆c…,

~B2!

which ~again! vanishes precisely for (G 3̆4̆2 i 1)G1̆c50, so
the 24 Killing spinors are independent of theX1 coordinate.

Reduced to nine dimensions, the Killing spinor equati
~2.12! is

Dme5F¹m1
i

4
(2)FmnGn1

1

6
(4)FmabgGabg

2
1

24
(4)FabgdGabgd

mGe50. ~B3!

The integrability condition @D1 ,D2#e50 implies (G 3̆4̆

2 i 1)G1̆e50 which is another way of demonstrating th
there are twenty-four supercharges in nine dimensions.
other components of the integrability condition vanish.
hys.

s.
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